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1. Parallel and perpendicular components of a vector:
a‖ = (a · n̂)n̂
a⊥ = a− (a · n̂)n̂

2. Vector triple product:
[a,b, c] = a · (b× c)
[a,b, c] = [b, c,a] = [c,a,b]
[a,b, c] = −[a, c,b]

3. a× (b× c) = (a · c)b− (a · b)c

4. Plane equation:
r · n̂ = a · n̂ = d
|d| is perpendicular distance of plane from origin for unit normal n̂

5. Polar coordinates:
r̂ = cosφi + sinφj
φ̂ = − sinφi + cosφj
dS = rdrdφ

6. Cylindrical coordinates:
x = r cosφ
y = r sinφ
z = z
dV = rdrdφdz

7. Spherical coordinates:
x = r sin θ cosφ
y = r sin θ sinφ
z = r cos θ

r̂ = sin θ cosφi + sin θ sinφj + cos θk
θ̂ = cos θ cosφi + cos θ sinφj− sin θk
φ̂ = − sinφi + cosφj

dV = r2 sin θdrdθdφ
dS = r2 sin θdθdφ

8. Leibnitz’s formula:

dn(fg)

dxn
=

n∑
i=0

(
n

i

)
f (n−i)g(i)

9. Limits:

lim
x→a

f(x) = K means that ∀ε > 0.∃δ > 0. (0 < |x− a| < δ) =⇒ ( |f(x)−K| < ε)

lim
x→a+

f(x) = K means that ∀ε > 0.∃δ > 0. (0 < x− a < δ) =⇒ ( |f(x)−K| < ε)

lim
x→a−

f(x) = K means that ∀ε > 0.∃δ > 0. (0 < a− x < δ) =⇒ ( |f(x)−K| < ε)

lim
x→∞

f(x) = K means that ∀ε > 0.∃X > 0. (x > X) =⇒ ( |f(x)−K| < ε)

10. Continuity: f(x) is continuous at a if:

• f(a) exists;
• lim

x→a
f(x) exists and equals f(a).
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11. Taylor’s series:

ex = 1 + x+
x2

2!
+ · · ·+ xn

n!
+ · · ·

ln(1 + x) = x− x2

2
+
x3

3
− · · ·+ (−1)n+1x

n

n
+ · · ·

sinx = x− x3

3!
+
x5

5!
− · · ·+ (−1)n

x2n+1

(2n+ 1)!
+ · · ·

cosx = 1− x2

2!
+
x4

4!
− · · ·+ (−1)n

x2n

(2n)!
+ · · ·

tan−1 x = x− x3

3
+
x5

5
− · · ·+ (−1)n

x2n+1

2n+ 1
+ · · ·

sinhx = x+
x3

3!
+
x5

5!
+ · · ·+ x2n+1

(2n+ 1)!
+ · · ·

coshx = 1 +
x2

2!
+
x4

4!
+ · · ·+ x2n

(2n)!
+ · · ·

tanh−1 x = x+
x3

3
+
x5

5
+ · · ·+ x2n+1

2n+ 1
+ · · ·

12. Hyperbolic functions:

cosh2 x− sinh2 x = 1

cosh 2x = cosh2 x+ sinh2 x

cosh−1 x = ln(x+
√
x2 − 1)

sinh−1 x = ln(x+
√
x2 + 1)

tanh−1 x =
1

2
ln

(
1 + x

1− x

)
13. Differentiation of integrals wrt parameters:

d

dt

∫ b(t)

a(t)

f(x, t)dx =

∫ b(t)

a(t)

∂f

∂t
dx+

db

dt
f(b, t)− da

dt
f(a, t)

14. Schwarz’s inequality:(∫ b

a

f(x)g(x)dx

)2

≤

(∫ b

a

f2(x)dx

)(∫ b

a

g2(x)dx

)
15. Gaussian integral:∫ +∞

−∞
e−x

2

dx =
√
π

16. Bayes’ theorem:

P (A|B) =
P (B|A)P (A)

P (B)

17. Poisson distribution:
P (X = r) = e−λ

λr

r!
mean = variance = λ

18. Lifetime distribution:
f(t) = λe−λt

mean = 1
λ , variance =

1
λ2
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19. Gaussian (normal) distribution:
f(x) =

1√
2πσ2

e−
(x−µ)2

2σ2

mean = µ, variance = σ2

20. Linear 1st-order ODE:
dy

dx
+ p(x)y = f(x):

y =
1

µ(x)

∫
µ(x)f(x)dx, where µ(x) = e

∫
p(x)dx

21. Linear 2nd-order ODE (constant coefficients):

d2y

dx2
+ a

dy

dx
+ by = f(x):

Complementary function: consider the auxiliary equation λ2 + aλ+ b = 0:
• Case of real, distinct roots λ1, λ2: yc = Aeλ1x +Beλ2x

• Case of equal roots α: yc = (A+Bx)eαx

• Case of complex roots α± βi: yc = eαx(A sinβx+B cosβx)

Particular integral:
• Case f(x) is polynomial: try polynomial with same degree (or higher if needed)
• Case f(x) = Cekx: try yp = Dekx (or Dxekx, or Dx2ekx)
• Case f(x) = C1 sin kx+C2 cos kx: try yp = D1 sin kx+D2 cos kx (orD1x sin kx+D2x cos kx)

22. Partial differentiation:
• Differential relations:

df =

(
∂f

∂x

)
y

dx+

(
∂f

∂y

)
x

dy

• Chain rule:(
∂f

∂u

)
v

=

(
∂f

∂x

)
y

(
∂x

∂u

)
v

+

(
∂f

∂y

)
x

(
∂y

∂u

)
v(

∂f

∂v

)
u

=

(
∂f

∂x

)
y

(
∂x

∂v

)
u

+

(
∂f

∂y

)
x

(
∂y

∂v

)
u

• Reciprocity:(
∂x

∂y

)
z

(
∂y

∂x

)
z

= 1

• Cyclic relations:(
∂x

∂z

)
y

(
∂y

∂x

)
z

(
∂z

∂y

)
x

= −1

• Exact differential:
P (x, y)dx+Q(x, y)dy is an exact differential iff ∂P

∂y
=
∂Q

∂x
.

• Taylor series:
f(x, y) = f(x0, y0)

+ fx(x0, y0)(x− x0) + fy(x0, y0)(y − y0)

+
1

2!

(
fxx(x0, y0)(x− x0)2 + 2fxy(x0, y0)(x− x0)(y − y0) + fyy(x0, y0)(y − y0)2

)
+ · · ·

23. Stationary points of multi-variable functions: f has a stationary point if fx = fy = 0

• Local minimum: fxxfyy > f2
xy with fxx > 0 and fyy > 0

• Local maximum: fxxfyy > f2
xy with fxx < 0 and fyy < 0

• Saddle point: fxxfyy < f2
xy
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24. Lagrange multipliers and Lagrangian function:
To find the stationary points of f(x, y) subject to the constraint g(x, y) = 0:
define the Lagrangian function

L(x, y, λ) = f(x, y)− λg(x, y)

and solve Lx = Ly = Lλ = 0.

25. Gradient of a scalar field:
∇Φ = (Φx,Φy,Φz)
dΦ = (∇Φ) · dx

26. Divergence of a vector field:

div F = ∇ · F =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)
· (Fx, Fy, Fz) =

∂Fx
∂x

+
∂Fy
∂y

+
∂Fz
∂z

∇ · (∇Φ) = ∇2Φ =
∂2Φ

∂x2
+
∂2Φ

∂y2
+
∂2Φ

∂z2

27. Curl of a vector field:

curl F = ∇× F =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)
× (Fx, Fy, Fz) =

(
∂Fz
∂y
− ∂Fy

∂z
,
∂Fx
∂z
− ∂Fz

∂x
,
∂Fy
∂x
− ∂Fx

∂y

)
∇× (∇Φ) = 0

28. Normal to a surface:

n =
∇Φ

|∇Φ|

29. Line integral of a scalar field:∫
Γ

Φds =

∫ s2

s1

Φ(x(s))ds =

∫ t2

t1

Φ(x(t))

∣∣∣∣dxdt
∣∣∣∣ dt

30. Line integral of a vector field:∫
Γ

F(x) · dx =

∫ t2

t1

F(x(t)) · dx
dt
dt

31. Conservative vector fields: F = ∇Φ∫
Γ

F · dx =

∫
Γ

(∇Φ) · dx = Φ(x1)− Φ(x2)∮
Γ

F · dx =

∮
Γ

(∇Φ) · dx = 0

32. Surface integral (flux):∫
S

F · dS =

∫
S

F · ndS

33. Gauss’s theorem (divergence theorem):∫
V

(∇ · F)dV =

∫
S

F · dS, where S is the bounding surface of V

34. Stoke’s theorem (curl theorem):∫
S

(∇× F) · dS =

∫
C

F · dx, where C is the boundary of S (also called ∂S)
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35. Decomposing matrix M as sum of a symmetric matrix S and an anti-symmetric matrix A:
S = 1

2 (M + M>),A = 1
2 (M−M>)

For an anti-symmetric matrixA, x>Ax = 0 for any column vector x.

36. Hermitian conjugation:
IfA = (aij), then the Hermitian conjugate is A† = (A>)∗ = (A∗)> = (a∗ji)

Hermitian matrix: A† = A

37. Trace: For an n× nmatrix A, trace(A)=
n∑
i=1

aii

The trace of the product of a symmetric and an antisymmetric matrix is 0.
trace(AB)=trace(BA).
The results can be generalised and holds for any cyclic permutation of the order of multiplication.

38. Minors and cofactors:
For an n× nmatrix A = (aij), let Mij be an (n− 1)× (n− 1) sumathbfatrix:

• Minor of the element aij of A: |Mij |
• Cofactor of aij : Aij = (−1)i+j |Mij |

+ − + . . .
− + − . . .
+ − + . . .
...

...
...

. . .


• Classical adjoint: (adjA)ij = Aji

A11 A21 . . . Aj1 . . . An1

A12 A22 . . . Aj2 . . . An2

...
...

. . .
...

. . .
...

A1i A2i . . . Aji . . . Ani
...

...
. . .

...
. . .

...
A1n A2n . . . Ajn . . . Ann


39. Determinants:

|A| =
n∑
j=1

aijAij for any fixed i; or

|A| =
n∑
i=1

aijAij for any fixed j; or

product of the elements on the diagonal if the matrix is triangular.
• A(adjA) = (detA)I

• Interchanging any two rows or columns of A changes the sign of detA
• detA = 0 if any two rows or columns are the same
• Multiplying all the elements of any one row or column of A by λmultiplies detA by λ
• Adding a multiple of row (column) on another row (column) leaves detA unchanged
• detAB = (detA)(detB)

• detA = detA>

40. Eigenvalues:

• detA =

n∏
i=1

λi

• trace(A) =

n∑
i=1

λi
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41. Diagonalisation of real symmetric matrices: if A is real symmetric, then:
• A has n distinct eigenvalues λ1, λ2, ..., λn;
• A has n linearly independent eigenvectors e1, e2, ..., en that form an orthonormal basis;
• A can be diagonalised by setting X =

(
e1 e2 . . . en

)
, then

A′ = X>AX =


λ1 0 . . . 0
0 λ2 . . . 0
...

...
. . .

...
0 0 . . . λn
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